Bifurcations are an interesting class of dynamic behavior exhibited by many nonlinear systems. Drill string typically employed in underground oil exploration are highly nonlinear systems whose dynamic behavior has generated huge research interest. Though it is well-known that typical drill-strings behave like piecewise smooth systems and the severity of bifurcations they exhibit has not been studied in depth. In this work, a two degree of freedom (2-DOF) model of the drill-string is constructed and its dynamic behavior. In-depth analysis of the effect of parameter variation on the severity of bifurcations is conducted. This can potentially deliver key insights in the design of control strategies aimed at suppressing problematic stick-slip oscillation.
Introduction
As the cost of oil and oil recovery increases, methods to enhance the reliability, stability and maintainability of systems and processes associated with oil recovery have been targeted for optimization. Drill-strings are at the core of any oil recovery operation and as such their design, dynamic behavior, control and analysis are of great research interest. Consequently, a large number of viable drill-string models have been proposed throughout literature, [1] . A number of researchers have focused on the various dynamic regimes that typical drill-strings exhibit, [2, 3, 4] . It is well-known that when the drill-string model is simulated to reproduce bifurcations, there are ranges of parameters at which there exist a sliding surface that is locally attractive and a unique standard equilibrium point that is locally asymptotically stable, [5] .
Stick-slip oscillations of drill-strings has been a reoccurring theme in the study of drill-string dynamics for quite some decades now, [6, 7] . It has been proposed that this phenomenon is as a result of a particular discontinuity in the drill-string model, thereby necessitating the study of the frictional model and analysis of the associated bifurcation, [8, 9] . Having a thorough understanding of the bifurcation and severity analysis of a well-represented drillstring can help in design as well as control improvements for drill-strings. Basic research on the origin of bifurcations due to stick-slip oscillations has been reported in [10] . It was found that in the first derivative of the vector field, stick-slip exist as a result of a periodic orbit straddling a discontinuity. In [11] , two discontinuous bifurcation were analyzed in a nonlinear system affected dry friction. It was further shown that the first bifurcation affects a system having Coulomb friction while the second manifests in a system obeying a continuous friction law. In [12, 13] , key parameters ranges at which undesired oscillations leading to Hopf bifurcations are present were identified. was used to detect various modes of vibration which were then classified into four categories of severity to detect harmful down-hole vibrations. In [15] a method to optimize the rotary-steerable drilling was demonstrated where the RSS tool controls the dogleg severity (DLS) by varying the amount of offset which the steering unit creates. In [16] after the severity is detected, the sensor sends it to the surface in real-time so that drilling parameters can be changed by operators when there is detection of harmful down-hole conditions, this confirms the essence of severity estimation in a drilling system.
In this paper, a 2-DOF drill-string model is utilized to conduct an in-depth simulation-based study of the bifurcation behavior of a drill-string, in the presence of stickslip oscillations. From these simulations, a parameter variation vs severity criteria is developed. This leads to identifying parameters that strongly influence the stick-slip vibration.Combining a plot of the bifurcation and stick-slip severity of these parameter ranges will generate useful insight regarding the operational regime of the system. With this, a safe range of operational parameters can be identified leading to better control or avoidance of unwanted oscillations. Combining a plot of the bifurcation and stick-slip severity of these parameter ranges will facilitate a good knowledge of the state at which the system will be in an undesired harmful condition. With identifying these range of parameters, getting to know the parameters at which the system works best can be easily reached.
2-DOF drill-string model
In this section, a lumped-parameter approach is utilized to generate a well-known 2-DOF model of a typical drillstring whose basic components are shown in Figure 1 .
A lumped-parameter model
The drill-string can then be simplified as a lumpedparameter system as shown in Figure 2 . A simple model that sufficiently captures the stick-slip oscillations in drill strings can then be generated using this diagram. This simplified torsional model consists of two elements: (1) the top drive system and (2) the Bottom Hole Assembly (BHA). The drill-string is considered as a lumped-parameter model with two degrees-of-freedom, and represented as below:
where,
is the lumped mass angular position
is the torsional damping matrix
is the torsional stiffness matrix
is the frictional torque φ b . The drill pipe is modeled by torsional stiffness and damping elements K and C respectively.
Torque model
When the drill bit is in contact with the surface, the frictional torque T b is given as:
where [16] ,
• R b is the Bit radius Thus, the drill-string model exhibits three distinct phases of motion / operation, namely:
• The sticking phase: In this regime, the drill bit is stalled in the borehole. As initialized above, the bit velocity is less than the positive constant τ r . Additionally, the reaction torque τ r is less than or equal to static friction torque ζ.
• Stick-to-Slip phase: In this regime, the drill bit begins to move. The bit velocity is less than the positive constant ζ but reaction torque is greater than the static frictional torque τ s .
• Slip Phase: In this regime, the drill bit slips as if the coefficient of friction is negligible. Estimating the frictional torque includes the impact of the W ob , bit radius and the bit dry friction coefficient
Combining all these stages, the equation of motion can be written as follows:
..
With the angular displacement and angular velocity given by φ i and . φ i respectively, where i ∈ R; the new system state can be defined as follows:
Therefore, the equation of motion can be expanded and rewritten as,
To study the dynamic behavior of the drill-string, a number of simulations are carried out with different sets of simulation parameters and the bifurcation diagrams are studied to gain the qualitative understanding of the overall drill-string dynamics. The table below lists the basic drill-string parameters used for the simulations reported in this paper. 
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The obtained drill-string model was simulated for 40 seconds with an incremental step time of 0.001 seconds. Figure 3 shows the stick-slip behavior of the drill-bit as exhibited by the drill-string model.. It has been shown that the loss of the stability in the drillstring is due to the presence of a Hopf bifurcation, [16] . It is therefore critical to thoroughly analyze and fully understand this bifurcation. The existence of permanent stuck bit and self-excited stick-slip oscillations depends mainly on two drilling parameters namely: input control torque and WOB, [16, 17] . As the standard equilibrium can become locally asymptotically unstable, the bit sticking phase occurs when . x 3 = x 3 = 0. As soon as the reaction torque τ r surpasses the static friction torque τ s , the stick slip phenomenon occurs. However, it is necessary to suppress this stick-slip oscillation as during drilling operations, these oscillations could cause damage to down-hole parts of the drilling system. The primary aim of the control of the key parameters that determine the stability of the system is to track a desired constant angular velocity Ω d of the drill-bit so as to avoid these stick-slip oscillations. Figure 4 and Figure 5 shows the evolution of the various motion regimes in a 2-DOF model while varying the input torque u and the WOB. This confirms the relationship between the u and WOB. With an increased WOB more u is required to drive the system to a standard equilibrium as we can see in Figure 4 (a)and(b). WOB was given a constant value 20 kN and 30 kN respectively, while the input torque was varied for a wide range of between 2000 Nm and 5000 Nm. It is also observed that with a reduced input torque u, less WOB is sufficient to drive the system to a standard equilibrium. In Figure 5 (a) and (b) , input torque u was kept constant at 3200 Nm and 2800 Nm respectively, while the WOB was varied for a wide range of between 22500 N and 39500 N. Three distinct dynamical phenomena can be ascertained from the plots. It will be observed that each of these phases shifts according to the fixed ranges of WOB and u respectively.
Stick-slip Severity (SSS)
Stick-slip severity estimations can be a good measure to know the condition of the drill-string at the down-hole. How severe the stick slip condition is on the drill string can be determined. While having this information, the operator will know the necessary actions to take to suppress the oscillations. The severity of this oscillations depends on the rock/bit interaction, the properties of the surface drive system and could possibly depends as well on the friction between drill string and wellbore. Merging the bifurcation plot with the severity of each of the set of parameters as we can see in Figure 7 . Three severity measures used were initialized as: where, ∆RP M is the drill bit rotation variation and Mean RPM is the average rotation rate of either the bit or the top drive, [14] and [13] .
Analyzing the three severities plotted in Figure 7 , it is clear that Severity B and C do not actually correspond to the different state of the system. It is expected that as the amplitude of the oscillation increases from the bifurcation plot the severity should increase as well. However, from Severity A, it can be clearly seen where the severity of the stick-slip lies. In accepted standards, for instance, in the Schlumberger stick-slip chart severity in Stick-slip is measured in percentages. However, in this work an empirical value can be set for 15% and the stick-slip severity is compared to this value, [18] . This implies that if the stickslip severity is greater than or equal to the empirical value, the system operates under undesirable torsional vibration. However, if it is less than the empirical value, the system is operating safely with no undesirable vibrations present. 
Introducing the Controller
To suppress the existence of stick-slip in the system a sliding mode controller is introduced. In the controller we have the sliding surface as:
where λ is a constant selected by the designer. Therefore, from the sliding surface the time derivative can be further written as:
Note: The sliding mode controller is defined as U = U eq + U sw where U eq is the equivalent control and U sw is the switching control.
The equivalent control is however written as
the " ∧ " in the equation implies estimated model parameter.
The equivalent control(U eq ) is derived from the ideal controller(U ideal ) and the estimated model parameters are included in the equation. An ideal controller which does not have any parametric uncertainties can be achieved from . s= 0 and this ensures a non-chattering behaviour. A switching control is as follows:
With a desired angular velocity Ω d the system reaches its steady state at 3rad/s as shown in Figures 8. It is also good to note that the controller is switch on at t = 33sec. The next step we are to consider is to see the effect of a delay introduced into the system from the actuator.
Delay effect on the control system
Having a delay in the system has its effects on the drillstring stability. Delay could arise from the actuator in a changing input torque as it is in [19] . Consideration of delay are taken into account while designing a model and controller for the drill string as it is in [20, 21] . Among the drawback of delay in this nonlinear system is the difficulty of accurate measurement of the required states of the drill-string.
In this paper, we tried to look at the effect of delay being experienced from an actuator. Simulation shows if delay is being introduced from an actuator series of oscillations can be experienced. Figures 9, 10 and 11 shows the delay effect of 0.12 sec, 0.48 sec,0.64 sec respectively 
Conclusion
In this study, we have first employed a 2-DOF model that adequately describes all the necessary dynamic behavior of a typical drill-string. This analysis is expected to hold for higher DOF models. Analyzing the various severity measures that were considered, the SV measure gives slight improvements over the other two modes of estimation of Figure 11 : The response of the system while the delay from the actuator is 0.64sec severity by including the changing input torque. The analysis of the combined bifurcation plot and the stick-slip severity estimation gives a clear indication of how tuning of key parameters of the model, input torque u and WOB controls the evolution of the significant phases the drilling system experiences. Consequently, further analysis will enable the selection of an operational range of parameters suitable for oscillation-free drill-string operation. Also, the simulation done in this paper identifies that oscillation can arise with the introduction of delay from the actuator.
